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Abstract

Multiphase fluid motion in unsaturated fractures and fracture networks involves complicated fluid dynamics, which is
difficult to model using grid-based continuum methods. In this paper, the application of dissipative particle dynamics
(DPD), a relatively new mesoscale method to simulate fluid motion in unsaturated fractures is described. Unlike the con-
ventional DPD method that employs a purely repulsive conservative (non-dissipative) particle–particle interaction to sim-
ulate the behavior of gases, we used conservative particle–particle interactions that combine short-range repulsive and
long-range attractive interactions. This new conservative particle–particle interaction allows the behavior of multiphase
systems consisting of gases, liquids and solids to be simulated. Our simulation results demonstrate that, for a fracture with
flat parallel walls, the DPD method with the new interaction potential function is able to reproduce the hydrodynamic
behavior of fully saturated flow, and various unsaturated flow modes including thin film flow, wetting and non-wetting
flow. During simulations of flow through a fracture junction, the fracture junction can be fully or partially saturated
depending on the wetting property of the fluid, the injection rate and the geometry of the fracture junction. Flow mode
switching from a fully saturated flow to a thin film flow can also be observed in the fracture junction.
� 2006 Published by Elsevier Inc.
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1. Introduction

Unsaturated fractures in the vadose zone are very important for groundwater recharge, fluid motion and
contaminant transport, and flow through fractures can lead to exceptionally rapid movement of liquids and
associated contaminants [1–4]. The physics of fluid flows in unsaturated fractures is still poorly understood
due to the complexity of multiple phase flow dynamics [5]. Experimental studies of fluid flow in fractures
are limited [6,7], and in computer simulations it is usually difficult to take into account the fracture surface
properties and microscopic roughness. Predictive numerical models can be divided into two general classes:
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volume-averaged continuum models (such as those based on Richard’s equation) [8] and discrete mechanistic
models [9]. Knowledge of the physical properties of the fluids and the geometry of the fracture apertures is
required in both classes. Volume-averaged continuum models are more suitable for large-scale systems, and
they usually involve the representation of fractures as porous media with porosity and permeability parame-
ters adjusted to mimic flow within fractures. However, volume-averaged continuum models are unable to
describe the details of flow dynamics in fractures, they do not reproduce the spatio-temporal complexity of
multiphase fluid flow in fractures, and they often fail to predict the rapid fluid motion and contaminant trans-
port observed in the fractured vadose zone [10]. Small-scale studies with discrete mechanistic models are
needed to develop a better understanding of the temporal and spatial dynamics of fracture flows. However,
the complexity of fracture flow dynamics makes it difficult to develop successful numerical models for fluid
flows in fracture networks. A broadly applicable model must be able to simulate a variety of phenomena
including film flow with free surfaces, stable rivulets, snapping rivulets, fluid fragmentation and coalescence
(including coalescence/fragmentation cascades), droplet migration and the formation of isolated single-phase
islands trapped due to aperture variability [6].

Realistic mechanistic models for multiphase fracture flows must be able to handle moving interfaces, large
density ratios (e.g., �1000:1 for water and air), and large viscosity ratios (e.g., �100:1 for water and air). These
requirements combined with the complex geometries of natural fractures present severe challenges to mecha-
nistic models. Grid-based numerical methods such as finite difference (FD) methods, finite volume (FV) meth-
ods and Eulerian finite element (FE) methods require special algorithms to treat and track the interface
between different phases. These algorithms are usually complicated and fall into two general groups, interface
tracking and interface capturing. Interface tracking algorithms generally use marker particles within grid cells
intersected by the interface to identity the locations of interfaces [11,12]. The particles are then advected with
the flow, and the positions of the interfaces can be determined from the particle positions. This approach is
computationally expensive, especially for three-dimensional simulations [11,12], and often requires additional
interface repairing techniques when the interface topology changes. Interface capturing algorithms are usually
based on an ‘indicator’ field function with different values for different phases. The location of the interface
can be determined from the indicator function, f(x) where x is the position in the D-dimensional computa-
tional domain, which may have a specific value at the interface, or a range of values with a large gradient near
the interface. The evolution of the moving interface can be obtained from the evolution of the indicator func-
tion. The volume of fluid (VOF) approach [13] is based on an indicator function that specifies how much fluid
of each phase is contained in each of the grid cells. In the level-set (LS) function approach [14], the interface is
a D-dimensional cut (contour) at f = fO, through the D + 1-dimensional surface f(x). In most implementa-
tions, for two phase systems, f(x) is positive in regions occupied by one phase, negative in regions occupied
by the other, and fO = 0. The VOF approach is robust and the mass loss/gain during a simulation is usually
well controlled. But the captured interface usually spans several grid cells. In the LS approach, the interface is
more sharply defined, but the loss/gain of mass during a simulation is larger.

Conventional grid based models such as FD, FV and FE models, which are based on continuum concepts
and continuum equations such as the Navier–Stokes equation may not be accurate at small scales (e.g., meso-
scale, microscale) fracture flows. On the other hand, molecular dynamics, which is in principle capable of pro-
viding reliable results on all scales, is practical only on extremely small time and length scales. A variety of
particle-based ‘mesoscale’ models, which are much more computationally efficient than molecular dynamics,
capture some of the characteristics of small scale systems such as thermally driven fluctuations, complex behav-
iors near fluid–fluid–solid contact lines and large fluid property gradients near solid surfaces. One well-known
approach is the lattice-Boltzmann method [15–18] in which the motion of the particles is confined to the bonds
of a regular lattice. Although this is a particle-based model, the motion of individual particles is not calculated
explicitly. Instead, the model fluid is defined in terms of the particle velocity distribution function at every lattice
node in the computational domain. The lattice-Boltzmann algorithm consists of alternating streaming and
relaxation steps. In a streaming step particles move synchronously from each node to neighboring nodes,
and in a relaxation step the velocity distributions at each node relaxes towards the discrete equilibrium distri-
bution function corresponding to the local fluid velocity and density. Lattice-Boltzmann models have been
applied to single phase flow and multiphase flow in fracture apertures [19]. Another approach is to use parti-
cle-based simulation methods, in which the individual particles represent a volume of fluid that may vary in size,
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depending on the model, from a small cluster of atoms or molecules to an arbitrarily large macroscopic region.
One example of this approach is the smoothed particle hydrodynamics (SPH) method, which was originally
invented for astrophysical problems [20–22], and was recently extended to simulate three-dimensional fracture
flows by Tartakovsky and Meakin [23,24]. In SPH, the state of a system is represented by a set of particles,
which possess individual material properties and interact with each other within the range of a weight function
(usually called the smoothing function in SPH). The discretization of the governing equations is based on these
discrete particles, and a variety of particle-based formulations have been used to calculate the local density,
velocity and acceleration of the fluid. In SPH simulations, the fluid pressure is calculated from the density using
an equation of state, the particle acceleration is then calculated from the pressure gradient and the density. For
low Reynolds number simulations the effects of viscosity on the particle accelerations are also included. As a
Lagrangian particle method, SPH conserves mass exactly. In SPH, there is no explicit interface tracking –
the motion of the fluid is represented by the motion of the particles, and fluid surfaces or fluid–fluid interfaces
move with the particles. SPH methods for mesoscopic applications are still under development, and quantita-
tive relationships between the model parameters used in SPH simulations and the macroscopic properties of the
fluids that these models simulate are difficult to establish theoretically [24].

This paper describes the first effort to simulate fluid motion through unsaturated fracture apertures and
fracture junctions using dissipative particle dynamics (DPD) [25]. DPD is a relatively new particle based meso-
scale technique that can be used to simulate the behavior of fluids. DPD shares some features in common with
SPH such as using particles to represent volumes of fluid. However, in DPD simulations the particle acceler-
ations are calculated from pairwise particle–particle interactions (and viscous forces) instead of from the pres-
sure gradient (and viscous forces). These two approaches to calculating particle accelerations are quite closely
related because the particle acceleration obtained from the pressure gradient can also be obtained from par-
ticle–particle interactions calculated from the equation of state [26]. However these particle–particle interac-
tions depend on the fluid density (they are many body, not pairwise, interactions). In DPD simulations, the
particle–particle interactions consist of a ‘conservative’ (non-dissipative) component, a random (fluctuating)
component and a dissipative component representing the effects of viscosity. The inclusion of random parti-
cle–particle interactions in addition to the conservative particle–particle interactions in DPD simulations is the
most important feature that distinguishes DPD from SPH. The random particle–particle interactions generate
fluctuations that correspond to thermally driven fluctuation in real fluids. These fluctuations are important
only on microscopic physical scales. This makes DPD an essentially mesoscale (between the molecular and
hydrodynamic scales) method, and the DPD fluid can be described by the continuum Navier–Stokes equation
only on large scales (scales much greater than the particle size) on which the thermal fluctuations have a neg-
ligible effect. DPD facilitates the simulations of complex fluid systems on physically interesting and important
length and time scales, and it rigorously conserves both the number of particles (equivalently, the total mass)
and the total momentum of the system.

The conventional DPD method uses a simple linear function 1 � r as the weight function (or shape func-
tion) for the conservative force, where r is the distance between two DPD particles. This weight function
describes a purely repulsive interaction, which is not able to simulate single component two phase (liquids/
gas) fluids. It is possible to simulate two component two phase fluids [36] but it is not possible to simulate fluid
pairs with large density contrasts. Therefore, conventional DPD with purely repulsive interactions is not able
to model fracture flow phenomena which involve both liquids and gas phases or liquids with free surfaces. This
paper uses an interaction potential consisting of a combination of attractive and repulsive bell-shaped func-
tions (which are equivalent to the cubic spline smoothing functions frequently used in SPH simulations) with
different interaction strengths and ranges. Particle–particle interactions of this form reflect the physical origins
of single component fluids that can form coexisting liquid and gas phases. This paper shows that the DPD
methods with these interaction potential functions are able to simulate single phase and two-phase fracture
flows under a variety of flow conditions.

2. Dissipative particle dynamics

DPD was originally developed as an alternative to the lattice-Boltzmann method for simulating mesoscale
fluids [19]. In the DPD method, a complex system can be simulated using a set of interacting particles. Each
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particle represents a small cluster of atoms or molecules instead of a single molecule. Español and Warren [27]
and Marsh [29] established a sound theoretical basis for DPD based on statistical mechanics. Since the intro-
duction of the DPD method, it has been extended to many applications including colloidal suspensions [30],
surfactants [31], dilute polymer solutions [32], biological membranes [33] and macromolecular movements
[34].

2.1. Methodology

It is convenient to assume that all of the particles have equal masses, and use the mass of the particles as the
unit of mass. Newton’s second law governs the motion of each particle. The time evolution for a certain par-
ticle, i, is given by the equation of motion
dri

dt
¼ vi;

dvi

dt
¼ f i ¼ f int

i þ fext
i ; ð1Þ
where ri and vi are the position and velocity vectors of particle i, fext
i is the external force including the effects of

gravity, and f int
i is the inter-particle force acting on particle i. The particle–particle interaction is usually as-

sumed to be pairwise additive and consists of three parts: a conservative (non-dissipative) force, FC
ij ; a dissi-

pative force, FD
ij ; and a random force, FR

ij :
f int
i ¼

X
j 6¼i

Fij ¼
X
j 6¼i

FC
ij þ FD

ij þ FR
ij : ð2Þ
Here, Fij is the inter-particle interaction force exerted on particle i by particle j, which is equal to Fji in mag-
nitude and opposite in direction. The symmetry of the interactions Fij = �Fji. ensures that momentum is rig-
orously conserved. The pairwise particle interactions have a finite cutoff distance, rc, which is usually taken as
the unit of length in DPD models.

The conservative force, FC
ij , a ‘‘soft’’ interaction acting along the line of particle centers, has the form
FC
ij ¼ aijwCðrÞr̂ij; ð3Þ
where aij is the magnitude of the repulsive interaction between particles i and j, rij ¼ ri � rj ¼ jrij j, r̂ij ¼ rij=rij

and wC(rij) is the weight function for the conservative force. Different weight functions can be used to describe
different material properties.

The dissipative force FD
ij represents the effects of viscosity, and it depends on both the relative positions and

velocities of the particles as
FD
ij ¼ �cwDðrijÞðrij � vijÞrij; ð4Þ
where c is a coefficient, vij = vi � vj and wD(rij) is the dissipation weight function.
The random force FR

ij represents the effects of thermal fluctuations and its dependence on the relative posi-
tions of the particles is given by
FR
ij ¼ rwRðrijÞnijr̂ij; ð5Þ
where r is a coefficient, wR(rij) is the fluctuation weight function, and nij is a random variable. The random
variable nij is selected from a Gaussian distribution with a zero mean and unit variance. In practice, random
numbers that are uniformly distributed over a uniform range with a zero mean and unit variance can be used
for nij.

The dissipative force and random force also act along the line of particle centers and therefore they also
conserve linear and angular momentum.

Español and Warren [27] pointed out that in order to recover the proper thermodynamic equilibrium for a
DPD fluid at a prescribed temperatures T, the coefficients and the weight functions for the random force and
the dissipative force are not independent. The fluctuation–dissipation relationship [28] requires that
wDðrÞ ¼ ½wRðrÞ�2 ð6Þ

and
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c ¼ r2

2kBT
; ð7Þ
where kB is the Boltzmann constant and T is the temperature. All of the interaction energies are expressed in
units of kBT, which is assigned a value of unity. One simple and straightforward choice for the dissipative and
random weight functions is
wDðrÞ ¼ ½wRðrÞ�2 ¼ ð1� rÞ2; r < 1;

0; r P 1:

(
ð8Þ
The random fluctuation force, FR
ij , acts to heat up the system (increases the average kinetic energy of the par-

ticles), whereas the dissipative force, FD
ij , acts to reduce the relative velocity of the particles, remove kinetic

energy and cool down the system. The fluctuation–dissipation relationship described in Eqs. (6) and (7) en-
sures that the temperature calculated from the kinetic energy of the particles will remain constant.

The stress tensor, S, is calculated using the Irving–Kirkwood model [35] expressed by the equation
S ¼ � 1

V

X
i

uiui þ
1

2

X
i6¼j

rijFij

" #
; ð9Þ
where n is the number density of the particles, ui ¼ vi � vðrÞ is the peculiar velocity of particle i, �vðrÞ is the
stream velocity at position x. The first term in the brackets is the kinetic (ideal gas) contribution and the sec-
ond term is the contribution from the particle–particle interactions. The pressure, p, is obtained from the trace
of the stress tensor,
p ¼ � 1

3
trS: ð10Þ
The time integration algorithm is very important in DPD. Poor time integration algorithms lead to serious
problems such as equilibrium properties that depend on the magnitude of the time step used. In the work de-
scribed in this paper, a modified version of velocity-Verlet algorithm summarized by the equations
riðt þ DtÞ ¼ riðtÞ þ DtviðtÞ þ
1

2
ðDtÞ2f iðtÞ;

~viðt þ DtÞ ¼ viðtÞ þ kDtf iðtÞ;
f iðt þ DtÞ ¼ f iðriðt þ DtÞ;~viðt þ DtÞÞ;

viðt þ DtÞ ¼ viðtÞ þ
1

2
Dtðf iðtÞ þ f iðt þ DtÞÞ

ð11Þ
was used to advance time [36], where ~viðt þ DtÞ is the prediction of the velocity of particle i at time t + Dt and k
is an empirical parameter that accounts for some of the effects of the stochastic interactions [36]. In this time
integration algorithm, the velocity is first predicted to obtain the force and then corrected in the last step while
the force is calculated only once at each integration step.
2.2. SPH like interaction potentials

In typical DPD implementations, the weight function for the conservative force is given the form
wCðrÞ ¼
ð1� rÞ; r < 1:0;

0; r P 1:0:

�
ð12Þ
This linear weight function describes a soft, purely repulsive interaction that forces the particles to separate
from each other and occupy the entire computational domain.

This purely repulsive interaction is not able to model problems with co-existing liquid and gas phases such
as multiphase flow problems in fractures. Based on the physical origins of single component fluids that can
form coexisting liquid and gaseous phases, an interaction with short-range repulsion and long-range attraction
is required to simulate multiphase fluid flow in unsaturated fractures.
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A soft interaction with short-range repulsion and long-distance attraction can take a variety of forms. One
straightforward approach is to use a combination of bell-shaped SPH smoothing functions with different inter-
action strengths and cut-off distances. The cubic spline function,
Fig. 1
distanc
W ðrÞ ¼ W ðr; rcÞ ¼
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ð13Þ
is the most commonly used smoothing function in SPH [37], where rc is the cutoff distance (corresponding to
the smoothing length h in SPH). For the cubic spline function, rc = 2h. In SPH, the function W(r) in Eq. (13) is
multiplied by a coefficient, C, so that the normalization requirement

R
W ðjrjÞdr ¼ 1 is satisfied. The normal-

ization coefficient, C, has a value of 2/3h, 10/7ph2 and 1/ph3 in the one-, two- and three-dimensional space [37].
The cubic spline function defined in Eq. (13) is a non-negative, monotonically decreasing function, and it is
smooth at both the origin and the cutoff.

One way of obtaining particle–particle interactions with the required short-range repulsive and long-range
attractive form is to use a sum of spline functions multiplied by an interaction strength coefficient a,
UðrÞ ¼ aðAW 1ðrÞ � BW 2ðrÞÞ ¼ aðAW 1ðr; rc1Þ � BW 2ðr; rc2ÞÞ; ð14Þ

to define the particle–particle interaction potentials, where W1(r) is a cubic spline with a cutoff length of rc1, A

is the coefficient for W1(r), W2(r) is a cubic spline with a cutoff length of rc2 and B is the coefficient for W2(r).
Here W1(r) and W2(r) are unnormalized shape functions given in Eq. (13). The DPD conservative particle–
particle interaction forces are given by
F C
ij ¼
�dUðrÞ

dr
r̂ij: ð15Þ
A variety of functions can be obtained using different combinations of A, rc1, B, and rc2. For example, if
A = 2.0, rc1 = 0.8 and B = 1.0, rc2 = 1.0, and a = 1 (see Eq. (14)), the resulting potential function,
U(r) = AW1(r) � BW2(r) shown in Fig. 1, has both positive and negative components. The figure shows that
the function U(r) is positive at the origin, gradually decreases, and then becomes negative at r = 0.4529. After
reaching the minimum, U(r) increases until U(r) = 0 at r = 1.0. U(r) is smooth at both the origin and at the
point r = 1.0. If A = 1.0, rc1 = 1.0 and B = 0.0, the resulting potential function U(r) is the cubic spline
expressed in Eq. (13), which is non-negative everywhere (see Fig. 2).
. Construction of a particle–particle interaction potential, U(r), that is repulsive at short distances, attractive at intermediate
es and zero at large particle separation, from two cubic spline functions, AW1(r) and BW2(r).



Fig. 2. Cubic spline potential functions, U(r) = W1(r, 1.0), U(r) = 2W1(r, 0.8) �W2(r, 1.0) and the conventional DPD potential function,
U(r) = 0.5 � (r � 0.5r2).
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The cubic spline function W(r) describes a purely repulsive interaction and its negative counterpart �W(r)
describes a purely attractive interaction. The parameters A and B determine the relative strengths of the repul-
sive and attractive interactions. Together with the interaction coefficient a, different A and B with correspond-
ing cutoff distances rc1 and rc2 generate different potential functions, U(r), and corresponding conservative
force weight functions wC (wC = �U 0(r)), which can be used to simulate different DPD materials. Once
U(r) and wC are determined, physical parameters such as surface tension and transport coefficients of the con-
cerned fluid can be numerically calculated [36]. Qualitatively, increasing the influence of the attractive compo-
nent (increasing B) can increase the cohesion between the fluid particles, and therefore can result in bigger
surface tension and physical viscosity. For a DPD system with attractive and repulsive interactions, the pres-
sure–density relation can be numerically calculated via the virial theorem. The pressure–density relationship
obtained using with attractive and repulsive interactions was shown to be consistent with the van der Waals
equation (within the uncertainties inherent in the stochastic DPD modeling approach) [43].

Two SPH cubic spline potential functions U(r) = 2W1(r, 0.8) �W2(r, 1.0) (A = 2.0, rc1 = 0.8, B = 1.0,
rc2 = 1.0 and a = 1.0) and U(r) = W1(r, 1.0) (A = 1.0, rc1 = 1.0, B = 0.0 and a = 1.0) as well as the conven-
tional potential function 0.5 � (r � 0.5r2) (corresponding to the conventional weight function 1 � r) are shown
in Fig. 2. The corresponding force weight functions are shown in Fig. 3. Fig. 3 shows that the conventional
DPD weight function is non-negative and corresponds to a purely repulsive interaction. Similarly, the weight
function obtained using A = 1.0, rc1 = 1.0, B = 0.0 is non-negative function corresponding to a purely repul-
sive interaction. While the weight function obtained using A = 2.0, rc1 = 0.8, B = 1.0 and rc2 = 1.0 has positive
and negative sections, which correspond to an interaction with short-range repulsive and long-range attractive
characteristics. The derivatives of interaction potentials constructed from SPH cubic splines are zero at both
the origin and the cutoff. Consequently, the interactions forces are smoother than those used in the standard
DPD model.

The combination of the attractive and repulsive interactions in the cubic spline potential makes it possible
to simulate systems with co-existing liquid and gas phases and liquid–gas phase transitions. The validity of the
DPD method with long-range attractive and short-range repulsive particle–particle interactions in simulating
multiphase flows has been verified by a series of numerical examples. One of them is the DPD simulation of
the large-amplitude oscillations of an initially oblate liquid drop, which is driven by surface tension [43]. The
DPD simulation results agree quite well with those obtained using smoothed particle hydrodynamics for a van
der Waals fluid [44], and the experimental observations in the space shuttle Columbia in studying the oscilla-
tions of a large ball of water under micro gravity conditions [45].



Fig. 3. Cubic spline conservative force weight functions and the conventional DPD conservative force weight function.
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2.3. No-slip boundary condition

In DPD simulations, the effects of solid walls can be simulated by using fixed particles, which interact with
the fluid particles. A convenient implementation is to fill the computational domain with particles, carry out a
DPD simulation to equilibrate the particles, then ‘freeze’ the particles in the regions occupied by the solid walls
and remove the remaining particles. Some of the mobile particles that are used to represent the fluid(s) may
penetrate the wall particles because of the soft interaction between the DPD particles. One possible solution is
to use higher particle density for the walls or a larger repulsive force between the wall particles and fluid
particles.

Following Revenga et al. [38], we used a reflective boundary in addition to the interactions between fluid
and wall particles. Revenga et al. investigated three different reflection models: (a) only the normal velocity
component is reversed, (b) all velocity components are reversed, and (c) Maxwellian reflections where the par-
ticles are introduced back into the system with a Maxwell distribution of velocities. In our implementation of
the Maxwell distribution, the velocities of particles that enter a thin layer next to the wall are selected ran-
domly from the Maxwell distribution at temperature T, with a zero mean corresponding to the zero fluid
velocity at the boundary. The velocity components are reversed if the velocity points outward from the bulk
fluid. This treatment of solid boundaries by using frozen boundary particles and a thin reflecting boundary
layer was found to be an effective way of implementing no slip boundary conditions [34].

The thickness of the thin layer is selected to ensure that the probability of penetration is very low but to
occupy as little as possible of the fluid domain. In this work, the thickness of the boundary layer was
0.1 DPD units. This thickness is small compared with the size of the fluid domain so it does not affect the bulk
flow and it allows the fluid and wall particles to interact strongly enough to control the wetting behavior. On
the other hand, it is large enough to prevent unphysical penetration. The implementation of no-slip boundary
conditions with frozen wall particles and a thin boundary layer was found to be very flexible, especially for
problems with complex geometries such as flow in fractures.

3. Fluid motion between two smooth parallel walls

In this section, application of the DPD method and the cubic spline interaction functions to flow in the gap
between two parallel plates (the most simple fracture aperture model) is described for two scenarios: fully sat-
urated flow; and initially unsaturated flow with constant injection of fluid. The first case was used to validate
the DPD method with the cubic spline potential by studying the hydrodynamic behavior of the DPD fluids.
The second case was used to demonstrate that DPD with a combination of attractive and repulsive cubic
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spline interaction potential functions can reproduce different flow modes within a simple fracture with flat
walls.

3.1. Fully saturated flow within two parallel plates: Poiseuille flow

A DPD model with simple pairwise particle–particle interactions should conform to the Navier–Stokes
equations on scales that are large enough for hydrodynamic (continuum) concepts to be valid (on scales large
enough for the effects of both the discrete particle nature of the fluid, the mean free path of the particles and
the thermal fluctuations to negligible), providing that the time step in the integration scheme approaches 0
[29]. The Poiseuille flow problem (flow between two parallel stationary infinite plates) has frequently been used
to validate numerical methods. In Poiseuille flow, an initially stationary fluid, driven by a body force or a pres-
sure gradient, flows between the two parallel plates, and finally reaches a steady state. In classical hydrody-
namics, the flow velocity at a point between the two plates can be obtained by solving the Navier–Stokes
equation or the Stokes equation if the Reynolds number is sufficiently low.

In a DPD simulation of Poiseuille flow, the entire flow domain is filled with DPD particles, and hence the
flow can be regarded as a fully saturated flow in a simple fracture. The total number of particles depends on
the size and geometry of the flow domain and the densities of the fluid and wall materials. The initial velocities
of the particles were set randomly according to the given temperature but the wall particles were frozen. At the
beginning of the simulation the particles were allowed to move without applying the external force until a ther-
modynamic equilibrium was reached. Then the external force field was applied to the fluid particles and the
non-equilibrium simulation started.

A total of 20,640 particles of the same type were uniformly distributed at the sites of face centered cubic
(FCC) lattice, which include 19,200 fluid particles in a flow domain of 40 · 3 · 40 and 1440 wall particles
located in three layers parallel to the (x,y) plane at each side. The number of particles corresponds to a density
of 4.0 for both the fluid and wall particles. Periodic boundary conditions were used along both the x and y direc-
tions, while no-slip boundary condition was applied along the z direction. The coefficients used in the DPD sim-
ulation included: a = 18.75, r = 3.0 and kBT = 1.0 (hence c = 4.5). A modified version of the velocity-
Verlet algorithm [36] was used to simulate the particle dynamics, with k = 0.65 and a time step of Dt = 0.02.
A gravity force of g = 0.02 per particle (an acceleration of 0.02 for the particles of unit mass) was applied along
the x direction, after the system reached equilibrium, to drive the flow. The system was divided into 200 bins
along the z direction so that the temperature, velocity and density profiles, perpendicular to the direction of
flow and the confining walls could be obtained by averaging the particle kinetic energies and particle velocities
and determining the average particle density in each of these bins. The parameters associated with the cubic
spline interaction potential were A = 1.0, rc1 = 1.0 and B = 0.0, rc2 = 1.0 (U(r) = 18.75W1(r, 1.0)). Hence this
cubic spline potential does not have an attractive component.

Fig. 4 shows the temperature and density profiles along the z direction. The temperature calculated from
the kinetic energy across the channel was uniform and remained almost equal to the initially specified temper-
ature. The temperature variation is a direct measure of the accuracy of a DPD simulation. If a DPD simula-
tion results in a kinetic temperature that differs significantly from the temperature calculated from Eq. (7), the
simulation results will not be reliable. The density is also essentially uniform across the channel, except in the
boundary region near the solid walls. The density fluctuations near the walls lead to pressure fluctuations near
the walls, as shown in Fig. 5.

Fig. 6 shows the profile of the xz component of the stress tensor, Sxz. The DPD simulation results for Sxz

agree well with the analytical solution Sxz = �qgz. Fig. 7 shows the profiles of the first normal stress difference
(N1 = Sxx � Syy) and the second normal stress difference (N2 = Sxx � Szz) across the channel. Except for the
regions near the wall, the two normal stress differences are close to zero compared with the shear stress.

Fig. 8 shows the development of the velocity profiles (velocity in the x direction) as the time increases. The
velocity profile is fully developed (closely approaches the steady state profile) after about 80,000 steps (or
1600 DPD time units). For a Newtonian fluid, the asymptotic (long time limit) velocity profile at low Reynolds
numbers obtained from the Navier–Stokes equation is vx ¼ V maxð1� ð z

HÞ
2Þ, where Vmax is the maximum veloc-

ity in the x direction and H is half of the height of the channel (z direction). Fig. 9 shows the steady state veloc-
ity profile and the analytical solution with the same maximal velocity. This demonstrates that the velocity



Fig. 4. The density and temperature profiles along the z direction.

Fig. 5. The pressure profile in Poiseuille flow along the z direction.
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profile obtained from the DPD simulation agrees well with the analytical solution of the Navier–Stokes equa-
tion. The good agreement between the measured and predicted profiles of the Sxz component of the stress
tensor and the steady state velocity demonstrates that DPD simulations with the purely repulsive cubic spline
particle–particle interaction energy function can successfully simulate fully saturated flow in a simple fracture
and can reproduce the asymptotic (long length scale) hydrodynamic behavior embodied in the Navier–Stokes
equation.

3.2. Unsaturated flow between parallel plates

In these simulations, DPD particles were randomly injected into the straight fracture at a constant injection
rate. After equilibration, the DPD particles move into the aperture where they are influenced by each other,
stationary wall particles and possibly external forces. If a purely repulsive interaction is used between the fluid
particles, the injected particles will expand and occupy the whole fracture (the DPD fluid is a gas). If particle–



Fig. 6. The shear stress (Sxz) distribution along the z direction.

Fig. 7. Comparison of theoretical and simulated steady state velocity profiles (velocity in the x direction) across the channel.
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particle interactions with short-range repulsion and long-range attraction are used, it is possible to simulate
fluid flow with free surfaces, and flows with co-existing liquid and gas phases.

Unlike the simulation of single-phase fluid flow described in the previous example in which the wall parti-
cles were located at the sites of a regular FCC lattice, the simulations were carried out using walls that have a
disordered internal structure. The DPD particles were randomly injected into a computational domain of
40 · 3 · 8 until an average particle density of 4 was reached. After equilibration, the particles at the bottom
and top edges, within one DPD unit of the boundaries, were frozen and became the stationary wall particles.
The fluid particles were then randomly injected into the fracture at a pre-selected rate. The fluid particles were
injected into the first column of DPD cells in the x direction at the left-hand side (Fig. 10), and particles that
reached the opposite end of the system, at the maximum value of x, were removed. The injected particle equil-
ibrated with the particles that had previously entered the aperture and the wall particles, and the injected fluid
particles move to the right, further into the aperture, as the density of the injected particles and the concom-
itant pressure increased. A pressure drop along the fracture is produced due to the particle injection. The sur-



Fig. 8. The development of the velocity profiles (velocity in the x direction) across the channel.

Fig. 9. The steady state velocity profiles (velocity in the x direction) across the channel.
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face tension of the fluid is determined by the interplay between the attractive and repulsive components of the
interaction between the fluid particles. The interaction between the wall particles and the fluid particles can be
different from that between the fluid particles, and these interactions can be tuned to give different wetting
behaviors and capillary forces. The pressure drop, surface tension, and wetting behavior or capillary force,
together with possible external forces, govern the fluid flow in the fracture, which may exhibit a variety of flow
regimes.

To simulate injection of fluid into the unsaturated fracture, periodic boundary condition was used along the
y direction, and no-slip boundary conditions were applied on the fracture walls. The coefficients used in the
DPD model were r = 3.0 and kBT = 1.0 (c = 4.5). The interaction strength between the fluid particles was
af = 18.75, while the interaction strength between the fluid and wall particles aw was varied to mimic different
wetting conditions. In the modified velocity-Verlet time integration algorithm, k was 0.65, and a time step of
Dt = 0.02 was used. A gravity force of g = 0.02 per particle was applied along the x direction, after the system
reached equilibrium. The parameters for the SPH potential and weight function were A = 2.0, rc1 = 0.8 and



Fig. 10. Particle distributions during injection of strongly wetting fluid into the straight fracture at (a) 10,000, (b) 20,000, (c) 32,000, and
(d) 55,000 steps. The injection rate was 10 particles per 100 steps, aw/af = 10.0 and g = 0.02.
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B = 1.0, rc2 = 1.0. Therefore the particle–particle interactions were given by U(r) = af(2W1(r, 0.8) �W2(r, 1.0))
for fluid–fluid particle interactions and U(r) = aw(2W1(r, 0.8) �W2(r, 1.0)) for fluid–wall particle interactions.

The ratio between the interaction strengths, aw/af, and the injection rate into the unsaturated fracture has a
strong influence on the flow behavior. Fig. 10 illustrates a simulation with an injection rate of 10 particles per
100 steps, and a gravitational force of g = 0.02. The interaction ratio is 10 (the interaction between the wall
and fluid particles is much larger than that between the fluid particles) and this generates strongly wetting
behavior. The figure shows that the particles near the walls move into the aperture much faster than those
far from the walls, and few particles evaporate from the bulk fluid. Because the positions of the frozen wall
particles are disordered and the interactions between the fluid particles and other particles have a random
component, the distribution of fluid particles is only roughly rather than perfectly symmetric. The contact
angle is very small. In contrast to grid-based methods in which the contact angle is exactly imposed on the
fluid, the contact angle in DPD studies is approximately estimated from the position of the wall and liquid
particles. Further investigation revealed that a smaller injection rate or/and a larger interaction strength
between the wall and fluid resulted in a smaller effective contact angle. This velocity dependent contact angle
behavior is observed in real systems [39–42].

Fig. 11 shows a simulation of the injection of fluid into the unsaturated fracture with a particle injection
rate of 100 particles per 100 steps and a gravitational force of g = 0.02. The interaction strength between
the wall and fluid particles was 5 times the interaction strength between fluid particles. In this simulation
the fluid propagates into the aperture with an approximately constant contact angle, which can be calculated
from the shape of the advancing particle distributions. Again very few particles evaporated from the bulk flow.
A larger injection rate or/and a smaller aw (aw P af) leads to a larger contact angle.

A convergence study was conducted for the two-phase injection flow through the unsaturated fracture. The
convergence study is a little different from those in conventional grid-based methods and smoothed particle
hydrodynamics. In grid-based methods and SPH, the convergence study is conducted by refining the mesh
or increasing the overall number of particles so as to reduce the mass contained in each control volume a mesh
element or a particle. In contrast, DPD simulation employs a DPD unit system in which all of the particles
have equal masses and the mass of the particles is used as the unit of mass. It is not convenient to reduce
the mass of each particle (away from unity) and therefore to increase the number of particles for an unchanged
computational lattice system to examine the numerical convergence. Instead, since the length unit in a DPD



Fig. 11. Particle distribution during injection of wetting fluid into a straight fracture at (a) 1000, (b) 2100, (c) 4500, and (d) 6500 steps. The
injection rate was 100 particles per 100 steps, aw/af = 5.0 and g = 0.02.
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simulation is also non-dimensional, it is convenient to enlarge the lattice system in DPD simulation (increase
the number of DPD unit in each direction) and to reduce the ratio of DPD unit to the size of the real geometry
so as to increase computational accuracy. Therefore the convergence study in DPD simulations can be imple-
mented by using a larger lattice system with a larger number of DPD particles.

Two scenarios with lattice systems of 40 · 8 and 80 · 16, respectively, in x and z directions were simulated.
In the two simulations, a gravitational force and interaction ratio were g = 0.02 and aw/af = 0.25, respectively.
The particle injection rate is 100 particles per 100 steps for the case with a lattice system of 40 · 8 in x and z

directions and 400 particles per 100 steps for the case with enlarged lattice system. Fig. 12 shows the flow pat-
terns for the two scenarios at four stages in a normalized non-dimensional configuration. The flow patterns
obtained from two scenarios are very alike. Since the interaction strength between fluid particles is stronger
than that between the fluid particles and wall particles, the contact angle is relatively large. Both scenarios
demonstrate this non-wetting effect. The positions of the bulk fluid front obtained from the two scenarios
are nearly the same. This shows that the obtained DPD simulation results are convergent (see Table 1).

Figs. 10–12 show that the DPD method with cubic spline interaction potential functions can produce film
flow (strong wetting flow), wetting flow and non-wetting flow at different injection rates and different ratios of
the interaction strengths.

4. Fluid motion through an unsaturated fracture junction

In this section, fluid motion through an unsaturated fracture junction is investigated using DPD with a
combination of cubic spline interaction potential functions. The fracture junction has an inverted Y shape con-
sisting of a vertical fracture that divides into two branch fractures with the same aperture (Fig. 13). The fluid
dynamics in this type of fracture junction has recently been investigated experimentally [6,7].

The size of the computational domain was 80 · 3 · 80. The walls of the branched fracture were represented
by 2645 stationary particles using essentially the same procedure that was used for the simple parallel walled
fracture. No-slip boundary conditions were used along the fracture walls, and particles were injected near the
top of the vertical fracture. The coefficients used in the DPD model were r = 3.0 and kBT = 1.0 (c = 4.5). The
interaction strength between the fluid particles was af = 18.75, and aw, the strength of the interactions between
the fluid and wall particles can be changed to mimic different wetting behaviors. In the modified velocity-Ver-



Fig. 12. Flow patterns of the injection of a non-wetting fluid into the straight fracture. The four figures in the left column (a–d) show the
DPD simulation snapshots with a lattice system of 40 · 8 in x and z directions and the four figures in the right column (e–h) show the
results with a lattice system of 80 · 16 at 1100, 2000, 4200, and 6200 steps.

Table 1
Position of the bulk fluid front in the channel

Time step 1100 2000 4200 6200

40 · 8 0.195 0.329 0.599 0.838
80 · 16 0.199 0.335 0.607 0.848

The positions of the bulk fluid front in the channel are normalized by the channel length.
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let time integration algorithm, k was set to 0.65, and the time step was set to Dt = 0.02. The parameters for the
SPH potential and weight functions were A = 2.0, rc1 = 0.8, B = 1.0 and rc2 = 1.0. Again, the particle–particle
interaction potentials were given by U(r) = af(2W1(r, 0.8) �W2(r, 1.0)) for fluid–fluid particle interactions and
U(r) = aw(2W1(r, 0.8) �W2(r, 1.0)) for fluid–wall particle interactions.

The fluid particles were injected into at the top of the vertical branch within 2 length units (2rc) of the upper
boundary, and after equilibration, the fluid particles moved downwards in the fracture. The pressure drop and
capillary forces together with the effects of gravity acting on the fluid particles govern fluid flow in the fracture
junction. By adjusting the ratio of interaction strengths aw/af, the injection rate and the gravitational acceler-
ation, different flow behaviors were simulated.

Fig. 14 illustrates a simulation with an injection rate of 100 particles per 100 steps, an interaction ratio aw/af

of 2, and a gravitational acceleration, g, of 0.01 (downwards in the z direction). This interaction ratio, aw/af,
leads to a relatively weak wetting effect with a contact angle that is large but smaller than p/2. Again, the par-
ticle distribution is roughly rather than perfectly symmetric, and only a few particles evaporate from the bulk
fluid. The figure shows that before the bulk fluid reaches the fracture intersection, a stable concave meniscus is
established, with a roughly constant contact angle (Fig. 14a and b). When the bulk fluid reaches the fracture
junction, the curvature of the concave meniscus gradually decreases, and then becomes convex (Fig. 14b–d)
due to effect of gravity acting on the accumulating mass of liquid above the meniscus. This transition from
a concave meniscus to convex meniscus in the junction was observed experimentally and investigated analyt-



Fig. 14. Six stages during a simulation of fluid injection into a branched fracture at (a) 4800, (b) 10,800, (c) 11,800, (d) 14,300, (e) 16,700,
and (f) 18,900 steps. The injection rate was 100 particles per 100 steps, aw = 2.0af, and g = 0.01.

Fig. 13. Geometry of the simulated fracture intersection, which is similar to the experimental configuration used in [6,7].
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ically by Dragila and Weisbrod [6], although their analysis was based on an invading droplet rather than con-
tinuously injection of fluid. For a given injection rate and gravity force, the transition from a concave to a
convex meniscus occurs at a lower liquid volume for a smaller interaction ratio aw/af (aw/af P 1) with a larger
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contact angle. The convex meniscus moves downward gradually and then reaches the apex of the fracture
junction (Fig. 14d). Once the bulk fluid arrives at the apex, the fluid flow divides into the two inclined branches
and soon forms a concave meniscus in each inclined branch with a contact angle roughly equal to that formed
previously in the vertical wall (Fig. 14e and f). It can be seen that the fracture junction is then fully saturated
by the invading fluid.

Fig. 15 shows the distribution of DPD liquid at six stages during a simulation of liquid injection into the
fracture junction with an injection rate of 50 particles per 100 steps, an interaction ratio aw/af of 5, and a
downward gravitational acceleration of 0.01. In this simulation, the fluid is strongly wetting, and the contact
angle is very small. As in the previous case, a stable concave meniscus, with a roughly constant contact angle
develops before the bulk fluid reaches the junction. However, the meniscus retains its concave shape as it
moves through the junction. After the bulk fluid arrives at the apex, the fluid flow divides into the two
branches and concave menisci develop in each branch, with a contact angle roughly equal to that formed ear-
lier in the vertical wall. Again the fracture junction is fully saturated by the invading fluid.

If the injection rate is reduced or/and the interaction ratio is increased, a thin liquid films advances along the
walls, ahead of the bulk fluid, due to the slower downward velocity of the bulk fluid (or failure to form bulk
fluid spanning the aperture if the injection rate is too low) and stronger wetting of the fracture walls. Fig. 16
shows the development of film flow with an injection rate of 10 particles per 100 steps, an interaction strength
ratio, aw/af, of 10 and a downward gravitational force, g, of 0.01 per particle. It can be seen that the film flow
occurs not only in the vertical fracture before the fracture junction, but also in the two fracture branches.

Fig. 17 shows the flow mode switching from a fully saturated flow mode to a thin film flow mode. The four
figures in the upper row show the DPD simulation snapshots at (a) 10,000, (b) 20,000, (c) 60,000, and (d) 7000
steps. The four figures in the lower row show the VOF results at (e) t = 0.04 s, (f) t = 0.08 s, (g) t = 0.24 s and
(h) t = 0.28 s. Since the DPD unit is non-dimensional, the time step in the DPD simulation can be related to
Fig. 15. Six stages in a simulation of injection into an unsaturated fracture junction at (a) 7000, (b) 18,200, (c) 25,500, (d) 34,000,
(e) 45,500, and (f) 47,500 steps. The injection rate was 50 particles per 100 steps, aw = 5.0af, and g = 0.01.



Fig. 16. Six stages in a simulation of fluid injection into an unsaturated fracture junction at (a) 30,000, and (b) 130,000 steps. The injection
rate was 10 particles per 100 steps, aw = 10.0af, and g = 0.01.

Fig. 17. Simulations of flow mode switching from a fully saturated flow to a thin film flow using DPD and VOF model at a small contact
angle. The four figures in the upper row show the DPD simulation snapshots at (a) 10,000, (b) 20,000, (c) 60,000, and (d) 7000 steps. The
four figures in the lower row show the VOF results at (e) t = 0.04 s, (f) t = 0.08 s, (g) t = 0.24 s and (h) t = 0.28 s.
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physical time if a proper scale is used. One straightforward approach is to calculate the ratios of the simulated
DPD time steps in the DPD simulation, and the ratios of the physical time instants in the VOF simulation. If
the ratios are comparable, the non-dimensional DPD time can be regarded as equivalent to the VOF physical
time. It is clear that in Fig. 17, the DPD simulation snapshots at (a) 10,000, (b) 20,000, (c) 60,000, and (d) 7000
steps and the VOF snapshots at (e) t = 0.04 s, (f) t = 0.08 s, (g) t = 0.24 s and (h) t = 0.28 s are at equivalent
stages as both were associated with ratios of 1, 2, 6 and 7, respectively.

The parameters used in the DPD simulation were A = 2.0, rc1 = 0.8, B = 1.0, and rc2 = 1.0. At the start of
the simulation, 90% of the vertical fracture from top side is fully saturated and 10% is unsaturated. The fluid
particles move downward, and then separate into the two branch fractures due to the pressure generated by
particle injection, surface tension, and wetting behavior. The injection rate was 10 particles per 100 steps, the
interaction strength for the two branch fracture walls was aw = 10.0af and the downward gravitational force
was g = 0.01. Due to the strong wettability of the fracture wall in the two branches, a thin film extends along
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the wall of the fracture junction, and then moves rapidly into the two divided branches. Though the vertical
wall above the fracture junction is fully saturated at the later stages, the fracture junction is only partially sat-
urated eventually. Although the film flow keeps moving forward, the concave meniscus in the fracture junction
maintains nearly the same shape as a steady meniscus (Fig. 17c and d). The contact angle for the thin film flow
is very small (<2�). The DPD simulation captures major physics in the flow mode switching dynamics, which
was also observed by Dragila and Weisbrod [6] for an invading droplet.

This flow mode switching process is difficult to simulate for most conventional grid-based numerical meth-
ods. Huang et al. developed a volume of fluid (VOF) model which is capable of investigating unsaturated mul-
tiphase flow through fracture networks [46]. The presented VOF model can handle fragmentation and merging
of liquid interfaces automatically without resorting to adaptive mesh refinement or interface repairing algo-
rithms. Wetting effects can be modeled by imposing dynamic contact angles near the contact line, and different
contact angles can be automatically chosen, depending on whether the liquid interface is advancing, receding
or essentially stationary. This VOF model was also used to simulate the flow mode switching process. The
surface tension, dynamic viscosity, and density for the simulated fluid were 0.0728 N/m; 1.52 · 10�3 (N s)/
m2; and 1000 kg/m3, respectively, and the gravitational acceleration was 9.8 m/s2. These fluid properties are
similar to those of water under normal conditions. A number of grid resolutions were tried to test the conver-
gence of the VOF simulation. Fig. 17 shows the convergent VOF simulation results with an imposed advanc-
ing contact angle of 1�, and a grid size of 100 · 100. The flow pattern obtained using DPD simulation also
agrees well with that obtained using a VOF model, which was proven to be effective in simulating complex
flow dynamics in fracture junction and fracture networks.
5. Conclusions

A purely repulsive pairwise particle–particle interaction model has been frequently used in dissipative par-
ticle dynamics to simulate the behavior of a gas. In this paper, we show that a single component two-phase
(liquid–gas) fluid or a liquid with a free surface can be simulated by using a combination of short range repul-
sive and long range attractive particle–particle interactions. To illustrate this approach for simulating multi-
phase fluid behavior we used a particle–particle interaction potential model derived from cubic spline SPH
weighting functions. In general, it can be expected that DPD simulations with this type of interaction potential
can be used to simulate gasses, liquids, solids and multiphase systems, depending on the average particle den-
sity, the temperature and the details of the particle–particle interactions.

Dissipative particle dynamics with a combination of short range repulsive and (relatively) long range attrac-
tive components was used to simulate multiphase flow in simple fractures and fracture junctions, which usu-
ally involve complex flow dynamics arising from moving interface and/or large density/viscosity ratios. It was
demonstrated that DPD with a purely repulsive SPH like weight function can successfully model fully satu-
rated flow in a simple fracture aperture consisting of the gap between two parallel plates and can reproduce
the hydrodynamic behavior predicted by the Navier–Stokes equation. Injection of DPD fluid into an unsat-
urated fracture resulted in different flow modes, including film flow, wetting and non-wetting flow under var-
ious injection rates and the fluid–fluid and fluid–wall interaction strengths, and external forces.

For the injection of DPD fluid into an unsaturated fracture junction with a vertical fracture that divides
symmetrically into two inclined fractures, different flow modes were also observed depending on the injection
rate, fluid–fluid and fluid–wall interaction strengths, and external forces.
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